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Summary  Attention  to  the  fatigue  cracks  in  steel  structures  and  bridges  has  been  paid  for
a long  time.  In  spite  of  efforts  to  eliminate  the  creation  and  propagation  of  fatigue  cracks
throughout  the  designed  service  life,  cracks  are  still  revealed  during  inspections.
Fatigue  crack  damage  depends  on  a  number  of  stress  range  cycles.  This  is  a  time  factor  in
the course  of  reliability  for  the  entire  designed  service  life.  The  failure  rate  increases  in  the
course of  time  and  the  reliability  decreased.  If  possible  propagation  of  the  fatigue  crack  is
included into  the  failure  rate,  it  is  necessary  to  investigate  into  the  fatigue  crack  and  deﬁne
the maximum  acceptable  degradation.  Three  sizes  are  important  for  the  characteristics  of  the
propagation  of  fatigue  cracks.  These  are  the  initial  size,  detectable  size  and  acceptable  size.
The theoretical  model  of  fatigue  crack  progression  is  based  on  a  linear  fracture  mechanics.
A tension  ﬂange  has  been  chosen  for  applications  of  the  theoretical  solution  suggested  in  the
studies. Depending  on  location  of  an  initial  crack,  the  crack  may  propagate  from  the  edge  or
from the  surface.  Regarding  the  frequency,  weight  and  stress  concentration,  those  locationsRandom  variable;
Probability  of  failure
rank among  those  with  the  major  hazard  of  fatigue  cracks  appearing  in  the  steel  structures
and bridges.  When  determining  the  required  degree  of  reliability,  it  is  possible  to  specify  the
time of  the  ﬁrst  inspection  of  the  construction  which  will  focus  on  the  fatigue  damage.  Using  a
conditional  probability,  times  for  subsequent  inspections  can  be  determined.
For probabilistic  calculation  of  fatigue  crack  progression  was  used  the  original  and  new  prob-
abilistic methods  —  the  Direct  Optimized  Probabilistic  Calculation  (‘‘DOProC’’),  which  uses  a
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Introduction
Probabilistic  methods  are  used  in  engineering  where  a
computational  model  contains  random  variables.  Primary
probability  approaches  are  presented  and  developed  for  the
modelling  and  analysis  of  uncertainty,  and  for  evaluating
the  associated  effects  on  safety  and  reliability  (Kralik,  2010;
Cajka  and  Krejsa,  2014a;  Urban  et  al.,  2014).
Probabilistic  calculation  model  can  be  deﬁned  in  proba-
bilistic  tasks  in  general  as  the  function  of  random  variables
X1,  X2,  . .  ., Xn expressed  by  statistical  moments,  para-
metric  probability  distributions  or  empirical  probability
distributions  in  form  of  non-parametrically  deﬁned  bounded
histograms  (Cajka  and  Krejsa,  2014b).  If  the  probabilistic
calculation  is  focused  into  the  structural  reliability  assess-
ment  (Kala,  2012),  the  structure  safety  must  satisfy  the
condition  of  reliability,  based  e.g.  on  the  assumption:
R  ≥  E  →  Z  =  R  −  E  ≥  0, (1)
where  R  is  resistance  of  structure,  E  load  effect  and  Z
safety  margin.  All  of  these  variables  is  to  be  considered  as
a  statistically  dependent  or  independent  random  variables,
representing  uncertain  quantities  such  as  loads,  material
properties  (e.g.  Major  and  Major,  2009),  geometric  dimen-
sions  incl.  manufacturing  and  assembly  imperfections,  and
the  environment  properties  in  which  designed  structure  per-
forms  its  function.
Common  notation  of  the  theoretical  time-invariant  struc-
tural  reliability  problem  -  estimated  failure  probability  pf,
can  be  deﬁned  relative  to  the  criterion  of  reliability  (1)  as:
pf =
∫
Df
f(X1,  X2,  .  .  ., Xn)  dX1, dX2, .  .  ., dXn.  (2)
where  Df is  failure  area  of  the  safety  margin  Z(X)  <  0  as  a
function  f(X)  of  joint  probability  density  of  random  vari-
ables  X  =  X1,  X2,  .  .  ., Xn (Krejsa  et  al.,  2013c).  Determination
of  failure  probability  pf based  on  the  explicit  calculation  of
the  integral  (2)  is  very  complicated  and  generally  unman-
ageable.  For  solution  of  the  integral  have  been  developed
series  of  probabilistic  methods  (Krejsa  and  Kralik,  2015).
Direct Optimized Probabilistic Calculation —
DOProC method
The  proposed  method:  Direct  Optimized  Probabilistic
Calculation  —  DOProC,  solves  the  integral  (2)  pure  numeri-
cal  way  that  is  based  on  basis  of  probability  theory  and  does
not  require  any  simulation  technique.  This  is  highly  effec-
tive  way  of  probabilistic  calculation  in  terms  of  computation
c
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t229
ut  any  simulation  techniques.  This  provides  more  accurate
nd,  in  some  cases,  to  considerably  faster  completion  of  com-
en  developed  using  the  aforementioned  techniques.  By  means
atigue  Crack  Probability  Calculation),  it  is  possible  to  carry  out
pagation  of  fatigue  cracks  in  a  user  friendly  environment  and
spections  which  should  reveal  damage  to  the  structure,  using
edures.
H.  This  is  an  open  access  article  under  the  CC  BY-NC-ND  license
enses/by-nc-nd/4.0/).
ime  and  accuracy  of  the  solution  for  many  probabilistic
asks.  The  novelty  of  the  proposed  method  lies  in  an  opti-
ized  numerical  integration.  In  summary  was  published  e.g.
n  Janas  et  al.  (2009,  2010), for  statistically  dependent  input
andom  variables  in  Janas  et  al.  (2015).
The  algorithm  of  DOProC  method  has  been  implemented
n  several  software  codes,  and  has  been  used  in  many
ases  in  probabilistic  tasks  and  reliability  assessments
Krejsa  et  al.,  2016).  For  the  application  of  the  DOProC
ethod  can  be  used  software  titled  ProbCalc  (Krejsa  et  al.,
014a,b).  In  ProbCalc  is  relatively  easy  to  implement  ana-
ytical  and  numerical  transformation  probabilistic  model  of
olved  tasks.  The  ProbCalc  is  extensively  useful  in  solv-
ng  of  probabilistic  tasks  of  engineering  practice,  especially
n  probabilistic  reliability  assessment  according  to  the
urrent  standards.  The  comprehensively  methodology  for
robabilistic  design  and  reliability  assessment  of  anchor
einforcement  in  long  mining  and  underground  works  was
esigned  and  utilized  in  program  Anchor,  with  which  is  pos-
ible  to  realize  the  probabilistic  calculation  very  ﬂexibly
Krejsa  et  al.,  2013d).
ormulating the task of fatigue crack
rogression
eliability  of  the  bearing  structure  has  been  signiﬁcantly
nﬂuenced  by  degradation  resulting  (Lokaj  and  Klajmonova,
014;  Seitl  et  al.,  2011,  2012),  in  particular,  from  the  fatigue
f  the  basic  materials.  The  fatigue  crack  that  deteriorates  a
ertain  area  of  the  structure  components  can  be  described
ith  one  dimension  only  —  a.
In  order  to  describe  the  propagation  of  the  crack,
he  linear  elastic  fracture  mechanics  is  typically  applied
Anderson,  2005).  This  method  uses  Paris-Erdogan’s  law
Paris  and  Erdogan,  1963) and  deﬁnes  relation  between
ropagation  rate  of  the  crack  and  range  of  the  stress  rate
oefﬁcient,  K,  in  the  face  of  the  crack:
da
dN
=  C.(K)m, (3)
here  C,  m  are  material  constants,  a  is  the  crack  size,  N  is
he  number  of  loading  cycles  and  K  range  of  the  stress  rate
oefﬁcient.
The  fatigue  crack  will  propagate  in  a  stable  way  only  if
he  initial  crack  a0 exists  in  the  place  where  the  stress  is
oncentrated.  This  place  is  located  at  the  edge  or  on  the
urface  of  the  element.
The  primary  assumption  is  that  the  primary  design  should
ake  into  account  the  effects  of  the  extreme  loading  and  the
2 M.  Krejsa  et  al.
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atigue  resistance  (Vican  et  al.,  2011)  should  be  assessed
hen  according  (1).  If  such  element  is  subject  to  the  oper-
ting  load,  following  cases  can  occur:
safe  service  life  —  the  fatigue  effects  do  not  degrade  the
lement  by  means  of  the  fatigue  crack,
acceptable  failure  rate  —  the  fatigue  effects  degrade
he  element  and  decrease  the  load-bearing  capacity  of  the
lement,
acceptable  failure  rate  —  fatigue  effects  are  expressed
s  stress  changes.
The  calculation  model  of  the  fatigue  crack  propagation
eﬁnes  the  stress  when  the  maximum  acceptable  crack
esults  in  the  constant  resistance  of  the  structure,  R,  that
orresponds  to  the  stress  in  the  yield  point  fy.  The  approach
)  is  more  demonstrative  and  has  been  preferred  to  the
pproach  b)  because  it  describes  the  non-linear  growth  of
he  both  stresses  in  the  element  under  degradation.
When  using  (3),  the  condition  for  the  acceptable  crack
ength,  aac,  is:
 = 1
C
aac∫
a0
da
(K)m
>  Ntot,  (4)
where  N  is  the  number  of  cycles  needed  to  increase  the
rack  from  the  initiation  size  a0 to  the  acceptable  crack  size
ac,  and  Ntot is  the  number  of  cycles  throughout  the  service
ife.
The  equation  for  the  propagation  of  the  crack  size  (3)
eeds  to  be  modiﬁed  for  this  purpose.  The  range  of  the  stress
ate  coefﬁcient,  K,  at  the  constant  stress  range,  ,  is
qual  to:
K  =  .√.a.F(a),  (5)
here  F(a) is  the  calibration  function  which  represents  prop-
gation  of  the  crack  (for  instance,  from  the  edge  or  surface).
fter  the  change  of  the  number  of  cycles  from  N1 to  N2,
he  crack  will  propagate  from  the  length  a1 to  a2.  Having
odiﬁed  (3)  and  using  (5),  the  following  formula  will  be
chieved:
a2
a1
da
(
√
.a.F(a))
m =
N2∫
N1
C.()mdN  (6)
If  the  length  of  the  crack  a1 equals  to  the  initial  length
0 (this  is  the  assumed  size  of  the  initiation  crack  in  the
robabilistic  approach)  and  if  a2 equals  to  the  ﬁnal  accept-
ble  crack  length  aac (this  is  the  acceptable  crack  size  which
eplaces  the  critical  crack  size  acr if  the  crack  results  in  a
rittle  fracture  -  but  in  order  to  calculate  the  phenomenon
2 can  be  equal  to  the  size  of  the  detectable  crack,  ad),
hen  the  left-hand  side  of  Eq.  (6)  can  be  regarded  as  the
esistance  of  the  structure  —  R:(aac) =
aac∫
a0
da
(
√
.a.F(a))
m (7)
r
n
aigure  1  Probabilistic  growth  of  the  fatigue  crack  in  the
ourse  of  time.
Similarly,  it  is  possible  to  deﬁne  the  cumulated  effect  of
oads,  E,  which  is  equal  to  the  right  side  (random  variable
ffects  of  the  extreme  load)  (6):
 =
N∫
N0
C.()mdN  =  C.()m.(N0 −  N),  (8)
here  N  is  the  total  number  of  stress  peak  range,  , when
he  crack  size  increases  from  a0 to  aac and  N0 represents  the
umber  of  cycles  in  the  time  of  the  fatigue  crack  initiation
it  is  typically  equal  to  zero).
It  is  possible  to  deﬁne  a  reliability  function  RF  according
1):
F(X) =  R(aac) −  E(N), (9)
here  X  is  a  vector  of  random  physical  properties  such
s  mechanical  properties,  geometry  of  the  structure,  load
ffects  and  dimensions  of  the  fatigue  crack.
The  analysis  of  the  reliability  function  based  on  (2)  gives
 failure  probability  pf:
f =  P(RF(X) <  0)  =  P(R(aac) −  E(N) <  0)  (10)
ystem of inspection times
ecause  it  is  not  certain  in  the  probabilistic  calculation
hether  the  initial  crack  exists  and  what  the  initial  crack
ize  is  and  because  other  inaccuracies  inﬂuence  the  mod-
lling  of  the  crack  propagation,  a  specialized  inspection  is
ecessary  to  check  the  size  of  the  detectable  crack  in  a  spe-
iﬁc  period  of  time  (Liu  et  al.,  2010;  Chen  et  al.,  2011;  Kim
nd  Frangopol,  2011;  Soliman  et  al.,  2013).  The  factor  which
nﬂuences  most  the  time  of  inspection  is  the  acceptable  size
f  the  crack  (Krejsa  and  Tomica,  2011).
While  the  fatigue  crack  (see  Fig.  1) is  propagating,  it  is
ossible  to  deﬁne  three  random  phenomena  that  are  related
o  the  growth  of  the  fatigue  crack  and  may  occur  in  any  time,
,  during  the  service  life  of  the  structure.  Then:
U(t) phenomenon:  no  fatigue  crack  failure  has  not  been
evealed  within  the  t  time  and  the  fatigue  crack  size  a has(t)
ot  reached  the  detectable  crack  size,  ad.  This  means:
(t) <  ad, (11)
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mFigure  2  FCProbCalc  desktop  with  description  of  a
D(t) phenomenon:  a  fatigue  crack  failure  has  been
revealed  within  the  t  time  and  the  fatigue  crack  size  a(t)
is  still  below  the  acceptable  crack  size  aac. This  means:
ad ≤  a(t) <  aac,  (12)
F(t) phenomenon:  a  failure  has  been  revealed  within  the
t  time  and  the  fatigue  crack  size  a(t) has  reached  the  accept-
able  crack  size  aac.  This  means:
a(t) ≥  aac (13)
Using  the  phenomena  above,  it  is  possible  to  deﬁne  prob-
ability  for  their  occurrence  in  any  t  time.  Those  three
phenomena  cover  the  complete  spectrum  of  phenomena
that  might  occur  in  the  t  time.  This  means:
P(U(t))  +  P(D(t))  +  P(F(t))  =  1  (14)
The  probabilistic  calculation  is  carried  out  in  time  steps
where  one  step  typically  equals  to  one  year  of  the  service  life
of  the  construction.  When  the  probability  of  failure  P(F(t))
reaches  the  designed  failure  probability  Pd,  an  inspection
should  be  carried  out  in  order  to  ﬁnd  out  fatigue  cracks,
if  any,  in  the  construction  element.  The  inspection  in  the  t
time  may  result  in  any  of  the  three  mentioned  phenomena.
The  inspection  provides  information  about  conditions  of  the
construction.  Such  conditions  can  be  taken  into  account
when  carrying  out  further  probabilistic  calculations.
If  no  fatigue  cracks  are  found,  the  analysis  of  inspec-
tion  results  gives  conditional  probability  during  occurrence.
Using  the  inspection  results  for  the  t  time,  it  is  possible  to
deﬁne  the  probability  of  the  mentioned  phenomena  in  other
times:  T  >  tI.  For  that  purpose,  the  conditional  probability
should  be  taken  into  consideration.  In  order  to  determine
the  time  for  the  next  inspection,  it  is  necessary  to  deﬁne  the
conditional  probabilities  P(F(T)
∣∣U(tI) )  and  P(F(T) ∣∣D(tI) )  which
can  be  expressed  using  the  full  probability  law.
a
r
ˇ
uput  quantities  which  were  entered  into  the  system.
If  re-distribution  of  stress  from  a  point  that  is  weakened
y  the  crack  is  not  taken  into  account,  the  crack  propa-
ation  crack  is  usually  rather  high  in  the  practical  range
f  detectable  values.  If  a  fatigue  crack  is  found  during  the
nspection,  it  is  necessary  to  monitor  the  safe  growth  of  the
rack  or  to  take  actions  that  will  slow  down  or  stop  further
ropagation  of  the  fatigue  crack.
Those  approaches  are  based  on  the  using  DOProC  method
or  the  calculation  of  probability  of  three  basic  phenomena,
11)—(13), for  each  year  of  operation  of  the  construction.
he  details  was  published  in  Krejsa  (2012a,  2013a)  and  the
ethodology  was  applied  into  the  FCProbCalc  code  (Krejsa,
012b).  Using  this  software  application,  it  is  possible  to  mon-
tor  effectively  and  ﬂexibly  development  of  fatigue  damage
n  steel  structures,  to  determine  times  for  inspections  and
o  ensure  that  the  construction  will  be  ﬁt  for  operation  in
erms  of  fatigue  safety.
OProC probabilistic calculation
CProbCalc  has  been  developed  using  the  aforementioned
echniques.  By  means  of  FCProbCalc  (‘‘Fatigue  Crack
robability  Calculation’’),  it  is  possible  to  carry  out  the  prob-
bilistic  modelling  of  propagation  of  fatigue  cracks  in  a  user
riendly  environment  and  to  propose  a  system  of  regular
nspections  which  should  reveal  damage  to  the  structure.
The  reference  probabilistic  calculation  in  FCProbCalc
ncluded  the  probabilistic  assessment  of  a  steel/reinforced
oncrete  bridge  from  on  the  highway  in  a  point  where  a  lon-
itudinal  beam  connects  to  a  transversal  beam  (details  see
rejsa,  2013b).  The  input  quantities  were  determined  deter-
inistically  or  stochastically  using  non-parametric  (empiric)
nd  parametric  probability  distributions  (see  Fig.  2).  The
equired  reliability  was  described  by  the  reliability  index
 =  2  which  corresponded  to  the  designed  probability  of  fail-
re  Pd =  0.02277.
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mFigure  3  Resulting  histogram  for  the  S  load  effe
The  probabilistic  calculation  was  carried  out  for  fatigue
racks  propagating  from  the  edge  and  surface.  If  a  period
f  time  is  speciﬁed  and  the  step  is  1  year,  it  is  possible  to
etermine  load  effects,  E,  pursuant  to  (8)  —  see  Fig.  3,
esistance  of  the  construction  R(ad) and  R(aac) pursuant  to
7)  —  see  Fig.  4  (so  far,  ﬁve  types  of  numerical  integration
f
e
igure  4  Resistance  histogram  —  R(aac) for  the  bridge  structure  su
ethod with  numerical  integration,  the  input  parameter  is  tol0 =  1  ×or  a  bridge  structure  after  49  years  of  operation.
re  available)  as  well  as  the  probability  of  elemental
henomena,  U,  D  and  F,  pursuant  to  (11)  through  (13)  which
re  the  basis  for  speciﬁcation  of  inspection  times.Fig.  5  shows  results  of  the  probabilistic  modelling  of  a
atigue  crack  from  the  edge.  The  curves  describe  depend-
nce  of  the  probability  of  failure,  Pf, on  time  of  operation
bject  to  a  fatigue  crack  from  the  edge  (method:  the  adaptive
 10−4).
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Figure  5  FCProbCalc  desktop  with  results  of  the  probabilistic  modelling  of  propagation  of  a  fatigue  crack  from  the  edge.  It  was
decided that  the  ﬁrst  inspection  of  the  bridge  should  take  place  after  49  years  of  operation  (method:  the  adaptive  method  with
e
p
t
s
i
t
tnumerical integration,  the  input  parameter  is  tol0 =  1  ×  10−4).
of  the  bridge  construction.  When  the  probability  of  failure
exceeds  the  speciﬁed  designed  probability,  Pd,  the  inspec-
tion  should  be  performed.  It  was  decided  that  the  ﬁrst
inspection  of  the  bridge  should  take  place  after  49  years
of  operation.  This  inspection  will  focus  on  growth  of  the
fatigue  crack  on  the  edge.
Similarly,  it  is  possible  to  show  the  resulting  probabil-
ity  of  the  elemental  phenomena  (11)  through  (13)  for  the
probabilistic  modelling  of  propagation  of  a  fatigue  crack
from  the  surface  —  see  Fig.  6,  which  proves  validity  of  (14)
because  the  sum  of  elementary  phenomena  (11)  through  (13)
s
s
c
Figure  6  The  calculated  probabilistic  elemental  phenomena,  U,  D
to 150  years  —  the  probabilistic  modelling  of  propagation  of  a  fatigu
numerical integration  method).quals  to  value  1.  Fig.  7  shows  the  resulting  times  for  the
roposed  inspections  of  the  construction,  a  particular  atten-
ion  being  paid  to  the  growth  of  the  fatigue  crack  from  the
urface.
It  follows  from  the  comparison  of  times  for  the  ﬁrst
nspections  which  focus  on  the  fatigue  damage  by  the  both
ypes  of  the  fatigue  cracks  (after  49  years  of  operation  for
he  edge  crack  and  after  109  years  of  operation  for  the
urface  crack)  that  the  fatigue  cracks  propagate  from  the
urface  with  a  considerably  lower  speed  that  the  fatigue
racks  which  initiate  at  the  edge.
 and  F,  in  a  bridge  construction  subject  to  cyclic  loads  from  0
e  crack  from  the  surface  (Gaussian  quadrature  was  chosen  as  a
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Figure  7  Dependence  of  the  failure  probability,  Pf ,  on  years  of  operation  of  the  bridge  construction  during  the  probabilistic
calculation  of  propagation  of  fatigue  cracks  from  the  surface  (0—150  years)  with  respect  to  the  conditional  probability  and  speciﬁ-
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Jation of  the  time  for  the  ﬁrst  and  subsequent  inspections  of  th
ntegration method).
onclusion
his  paper  discusses  development  of  the  DOProC  probabilis-
ic  method  and  its  use  in  the  reliability  assessment  of  the
onstructions.  A  particular  attention  is  paid  to  the  theory
nd  practical  aspects  of  the  probabilistic  assessment  of  the
onstructions  which  are  subject  to  fatigue  and  tend  to  cre-
te  fatigue  cracks.  The  result  of  this  method  is  similar  to
ther  probabilistic  approaches:  proposal  of  a  system  of  reg-
lar  inspections  of  the  construction.
Those  computations  were  applied  in  FCProbCalc  which
as  used  for  the  mathematical  modelling  of  propagation
f  fatigue  cracks  from  the  edge  and  surface.  A  proba-
ilistic  reliability  assessment  of  the  constructions  was  also
erformed  in  this  software  —  it  was  based  on  the  exact
eﬁnition  of  the  permissible  size  of  the  fatigue  crack.
he  probabilities  were  obtained  for  three  basic  phenomena
hich  are  related  to  propagation  of  the  fatigue  cracks.  On
he  basis  of  those  data,  the  probability  of  failure  can  be
alculated  for  each  year  of  operation  of  the  construction.
hen  determining  the  required  degree  of  reliability,  it  is
ossible  to  specify  the  time  of  the  ﬁrst  inspection  of  the
onstruction  which  will  focus  on  the  fatigue  damage.  Using
 conditional  probability,  times  for  subsequent  inspections
an  be  determined.
The  methods  and  application  can  considerably  improve
stimation  of  maintenance  costs  for  the  structures  and
ridges  subject  to  cyclical  loads.
If  this  methodology  is  developed  further,  the  goal
f  investigations  seems  to  be,  in  particular,  application
f  Bayesian  networks  in  the  computational  model  which
escribes  propagation  of  fatigue  cracks.onﬂict of interest
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